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For generalized Reed–Muller codes, when q is large enough, we give the second
codeword weight, that is, the weight which is just above the minimal distance,
and we also list all the codewords which reach this weight. To do this we have to
study the number of points of some hypersurfaces and some arrangements of
hyperplanes. We also present some properties of the Mo¨bius function of these
arrangements.  1996 Academic Press, Inc.
1. INTRODUCTION
Let p be a prime number, q 5 ps, and Fq the finite field with q elements.
We denote by P (q, d, n) the space of polynomials in n variables with
coefficients in Fq and of total degree at most d. In the paper we always
suppose d $ 2 and n $ 2. If f is a non-zero polynomial function from Fnq
to Fq associated with an element of P (q, d, n), then the maximum number
N1 of zeros of such an f has the following properties:
● If d $ n(q 2 1) the polynomial functions associated with the elements
of P (q, d, n) are all the functions from Fnq into Fq . In particular N1 5 qn 2 1.
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● If 0 # d , n(q 2 1), then
N1 5 qn 2 (q 2 b)qn2a21,
where
d 5 a(q 2 1) 1 b and 0 # b , q 2 1.
The last result from Kasami et al. can be found in [3]. Moreover in [2],
Delsarte et al. characterize all the functions reaching this bound. We remark
that these functions are products of d linear functions. Following [6], we
define a hyperplane arrangement as a finite set of hyperplanes. Each hyper-
plane of a hyperplane arrangement is the kernel of a polynomial function
of degree 1 defined up to a constant; the product of these polynomial
functions is a defining polynomial of the hyperplane arrangement. From a
geometric point of view, the polynomial functions reaching the bound of
Kasami et al. are defining polynomials of some hyperplane arrangements.
Let us remark that the papers [3] and [2] give the minimum distance of
generalized Reed–Muller code of order d and also the number of words
of minimal weight.
In fact, the still unsolved problem for d . 2 of the weight distribution
of generalized Reed–Muller codes can be expressed in the following way:
Let A1 be the set of non-zero polynomial functions associated with the
elements of P (q, d, n). If f is a polynomial function let us denote by Zq( f )
the set of zeros of f on Fnq . Then let
N1 5 max
f[A1
#Zq( f ).
Sometimes, f will be defined on Fnq9 , where Fq9 is an extension of Fq ; so it
would be useful to specify the field in which the zeros of f lie.
Let A 91 be the set of functions f [ A1 such that #Zq( f) 5 N1 and
A1 5 #A 91 . Now, define Ai for i . 1 by
Ai 5 Ai21\A 9i21
assuming that it is non-empty. Then let
Ni 5 max
f[ Ai
#Zq( f),
A 9i 5 h f [ Ai ; #Zq( f) 5 Nij,
Ai 5 #A 9i .
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So the different weights of codewords of the generalized Reed–Muller
code are qn 2 Ni and the number of codewords of weight qn 2 Ni is Ai .
Now, if we restrict the polynomial functions to be products of linear
functions, we define in the same way B1 to be the set of non-zero polynomial
functions associated with the elements of P (q, d, n) which are products of
linear functions, M1 5 maxf[ B1 #Zq( f), B91 the set of functions f [ B1 such
that #Zq( f) 5 M1 , B1 5 #B91 and we define Bi , B9i , Mi , Bi by induction.
The first result shows us that
M1 5 N1 , B1 5 A1 .
In this paper we suppose that 2 # d , q 2 1 and we compute the numbers
M2 and B2 for all q (Theorem 2.1 and Corollary 2.1) and the numbers
N2 and A2 for q large enough (Theorem 3.5). The estimate for M2 gives
information on the Mo¨bius functions (cf. [1] for the definition of the Mo¨bius
functions) of some hyperplane arrangements (Theorem 2.3). Our results
agree with the known results of McEliece (cf. [5]) in the case d 5 2.
2. THE CASE OF POLYNOMIALS WHICH ARE PRODUCTS OF
LINEAR FACTORS
The two following theorems give the value of the second largest number
M2 of zeros and a description of the arrangements of d hyperplanes, in a
space of dimension n, reaching this bound. These theorems will be proved
simultaneously by induction on the degree d.
THEOREM 2.1. The second largest number of zeros M2 for polynomial
functions over Fq of n variables and total degree # d which are products of
linear functions is
M2 5 dqn21 2 (d 2 1)qn22.
THEOREM 2.2. The polynomial functions over Fq of n variables and total
degree at most d which are products of linear functions and have exactly
M2 zeros are the defining functions of the arrangements of d hyperplanes
such that
(a) d 2 1 hyperplanes are parallel and the last one intersects the others or
(b) all the hyperplanes meet pairwise in a common subspace of codimen-
sion 2.
Proof. The proof is done by induction on d. The result is clearly true
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for d 5 2. Let us suppose that the result is true for a d $ 2 and prove it
for d 1 1. We define four types of hyperplanes configurations:
● type Ad : all the hyperplanes are parallel;
● type Bd : there are at least three hyperplanes and all the hyperplanes
but one are parallel;
● type Cd : all the hyperplanes meet pairwise in a common subspace of
codimension 2;
● type Dd : none of the previous types.
A type Ad configuration gives the maximum number of points: dqn21.
Clearly type Bd and type Cd configurations give dqn21 2 (d 2 1)qn22 points.
Let us consider now a type Dd11 configuration of d 1 1 hyperplanes. If we
extract from this configuration a subset with d hyperplanes we obtain one
of the following situations:
● a type Dd configuration and the (d 1 1)th hyperplane intersects at
least one of the other hyperplanes. However, by induction hypothesis the
number of points of the type Dd configuration of d hyperplanes is smaller
than dqn21 2 (d 2 1)qn22 and with the (d 1 1)th hyperplane we add at
most qn21 2 qn22 points. So the total number of points is smaller than
(d 1 1)qn21 2 dqn22.
● a type Bd configuration and the (d 1 1)th hyperplane intersects the
parallel hyperplanes. We know that the type Bd configuration has dqn21 2
(d 2 1)qn22 points and with the (d 1 1)th hyperplane we add at most qn21 2
2qn22 points. So the total number of points is smaller than (d 1 1)qn21 2 (d
1 1)qn22, which is smaller than (d 1 1)qn21 2 dqn22.
● a type Cd configuration and the (d 1 1)th hyperplane intersects at least
2 of the other hyperplanes on subspaces with intersection of dimension
smaller than qn23. A type Cd configuration has dqn21 2 (d 2 1)qn22 points
and with the (d 1 1)th hyperplane we add at most qn21 2 2qn22 1 qn23 points.
So the total number of points is smaller than (d 1 1)qn21 2 (d 1 1)qn22 1
qn23, which is smaller than (d 1 1)qn21 2 dqn22.
COROLLARY 2.1. The number B2 of polynomial functions over Fq in n
variables and of total degree at most d which are products of linear functions
and reach the bound M2 is
B2 5 S q
d 2 1
D d 1 1d q2(qn 2 1)(qn21 2 1)(q 2 1) if d . 2,
B2 5
q3(qn 2 1)(qn21 2 1)
2(q 2 1)
if d 5 2.
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Proof. Let us denote by Sk the number of k-dimensional subspaces
of Fnq (i.e., the number of points of the Grassmannian of order k). It is
known that
Sk 5
(qn 2 1)(qn 2 q) ? ? ? (qn 2 qk21)
(qk 2 1)(qk 2 q) ? ? ? (qn 2 qk21)
.
In particular,
Sn21 5
qn 2 1
q 2 1
5 S1 ,
Sn22 5
q(qn 2 1)(qn21 2 1)
(q 2 1)2(q 1 1)q
5
pn21 pn22
q 1 1
,
where pm is the number of points of the m-dimensional projective space.
When d . 2 the cases (a) and (b) of Theorem 2.2 give different configura-
tions. To construct a configuration in case (a) we have to choose a direction
for the d 2 1 parallel hyperplanes (S1 choices), then d 2 1 distinct hyper-
planes in this direction (( qd21) choices), and a last hyperplane which intersects
the others (q(S1 2 1) choices).
To construct a configuration in case (b) we have to choose a subspace
of codimension 2 (q2Sn22 choices) and d distinct hyperplanes which contain
this subspace ((q11d ) choices). Let us remark now that each hyperplane
arrangement can be defined by q 2 1 different defining polynomials. So
we obtain
B2 5 (q 2 1) SS1(S1 2 1)q S q
d 2 1
D1 q2Sn22 Sq 1 1
d
DD ,
which proves the first result.
When d 5 2 the cases (a) and (b) of Theorem 2.2 are the same. Using
the previous computation we obtain
B2 5 (q 2 1)q2Sn22 Sq 1 1
d
D ,
which proves the second result.
Let us remark that the previous results give some information on the
Mo¨bius function of the poset associated with the hyperplane arrangement.
We denote by H an arrangement of d hyperplanes and by L (H ) the
poset of intersections of element of H ordered by
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X # Y ⇔ Y , X.
It is known [6, Theorem 2.69, p. 51] that the number of zeros of a defining
function of H (i.e., the cardinality of <H[ H H) is given (using the character-
istic function) by
N 5 qn 2 O
X[ L ( H )
e(X)qdim(X),
where e is the Mo¨bius function on the poset L (H ). It is clear that e(Fnq) 5 1
and if H is a hyperplane e(H) 5 21. Therefore,
N 5 qn 2 Sqn 2 dqn21 1 O
X[ L ( H )
dim X#n22
e(X)qdim(X)D
5 dqn21 2 O
X[ L ( H )
dim X#n22
e(X)qdim(X).
THEOREM 2.3. If H is a type Dd configuration, then
O
X[ L ( H )
dim X#n22
e(X)qdim(X) . (d 2 1)qn22
and
O
X[ L ( H )
dim X5n22
e(X) . (d 2 1).
Proof. The first inequality is a direct consequence of the previous for-
mula and Theorems 2.1 and 2.2.
Let q9 be a power of q, so that Fq is a subfield of Fq9 . If H 5 (Hi)i[I is
an arrangement of d hyperplanes in the space Fnq let H 9 5 (H9i)i[I be the
arrangement of the d hyperplanes of Fnq9 having the same equations. It is
clear that for all J , I
dim S>
i[J
HiD5 dim S>
i[J
H9iD
and that
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e S>
i[J
HiD5 e S>
i[J
H9iD .
This implies that in the first inequality q is allowed to grow to infinity;
we obtain
O
X[ L ( H )
dim X5n22
e(X) $ (d 2 1).
Now, to obtain the strict inequality we need the following result.
LEMMA 2.1. Let k , n 2 2. If the term of degree k of the polynomial
oX[ L ( H ),dim X#n22 e(X)qdim(X) is non-zero, then the term of degree k 1 1 is
non-zero.
Proof. Using Theorem 2.47 of [6, p. 38] we know that if K is an element
of the poset, then e(K) ? 0. So it is enough to remark that if there is a
subspace of dimension k in the poset L (H ), then there is also a subspace
of dimension k 1 1.
To prove the strict inequality we have to study two cases:
● The polynomial oX[ L ( H ),dim X#n22 e(X)qdim(X) has a term in qn23. We
know [6, Theorem 2.47, p. 38] that the coefficient of this term is negative.
So using the first inequality with q growing to infinity we show that the
coefficient of qn22 is not d 2 1.
● The polynomial oX[ L ( H ),dim X#n22 e(X)qdim(X) has no term in qn23. Us-
ing the lemma we know that the polynomial is just oX[ L ( H ),dim X5n22
e(X)qn22 and so we have the result.
3. THE CASE OF POLYNOMIALS WITH A NON-LINEAR
IRREDUCIBLE FACTOR
Let us denote by Zq(P) the set of zeros of the polynomial P in the field
Fq . Let us study first the case of an irreducible polynomial which is not
absolutely irreducible.
THEOREM 3.1. Let P [ P (q, d, n), where 1 , d , q 2 1, be a polynomial
which is irreducible on Fq but not absolutely irreducible. Then
#Zq(P) , dqn21 2 (d 2 1)qn22.
Proof. In a private communication [4], Lachaud pointed out the follow-
ing lemma (which can be found also in [9]).
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LEMMA 3.1. Let P [ P (q, d, n) be a non-zero irreducible but not
absolutely irreducible polynomial. Then there exists a unique finite extension
Fq9 of Fq and a polynomial Q [ P (q9, d9, n) such that
P 5 p
s[G
Qs,
where G 5 Gal(Fq9/Fq) is the Galois group of Fq9 over Fq and
deg(P) 5 [Fq9 : Fq] deg(Q).
Using Lemma 3.1 we get
Zq(P) 5 <s[G Zq(Qs).
However, all the conjugate polynomials Qs have the same zeros in Fq . Hence
Zq(P) 5 Zq(Q).
Let (w1 , w2 , . . . , wt) be a basis of Fq9 over Fq . The polynomial
Q(X) 5oa Qa X a (where a is a multi-index) can be written
Q(X) 5 O
a
SOt
j51
Qaj wjDX a 5 Ot
j51
hj (X)wj ,
where the polynomials hj are in P (q, d9, n) and are not all zeros. We shall
suppose that for example h1 is non-zero. The formula shows that the zeros
of Q(X) are the common zeros of hi(X); hence
#Zq(Q) # #Zq(h1).
Let us remark that d9 5 d/[Fq9 : Fq]; then d9 # d/2 and
#Zq(P) 5 #Zq(Q) # (d/2)qn21 , dqn21 2 (d 2 1)qn22.
Now, let us study the case of absolutely irreducible polynomials.
THEOREM 3.2. For a given d, there exists q0 such that for all q . q0 and
for any absolutely irreducible polynomial P [ P (q, d, n) we have
#Zq(P) , dqn21 2 (d 2 1)qn22.
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Proof. This result is a direct application of [7, Theorem 5A, p. 210]
which gives for such a polynomial function the estimate
u#Zq(P) 2 qn21u # A(d)qn23/2 1 B(d)qn22,
where
A(d) 5 Ï2d5/2,
B(d) 5 4d2k2
k
with k 5 d(d 1 1)/2,
or
A(d) 5 (d 2 1)(d 2 2),
B(d) 5 d 2(1 1 4k2
k
) with k 5 d(d 1 1)/2.
Hence
#Zq(P) # qn21 1 A(d)qn23/2 1 B(d)qn22,
and if
q . SA(d) 1 ÏA(d)2 1 4(d 2 1)(B(d) 1 d 2 1)2(d 2 1) D2,
then
#Zq(P) , dqn21 2 (d 2 1)qn22.
In the general case of polynomials with a non-linear irreducible factor
which is a mixture of the previous cases we obtain the same results as in
Theorems 3.1 and 3.2.
THEOREM 3.3. Let P [ P (q, d, n) where 1 , d , q 2 1, be a polynomial
on Fq having a non-linear irreducible but not absolutely irreducible factor.
Then
#Zq(P) , dqn21 2 (d 2 1)qn22.
Proof. Let P(X) 5 H(X)R(X), where R(X) is an irreducible but not
absolutely irreducible polynomial of degree d9 . 1. Hence
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#Zq(P) # #Zq(H) 1 #Zq(R).
Therefore,
#Zq(P) # (d 2 d9)qn21 1 (d9/2)qn21 # dqn21 2 qn21.
But d 2 1 , q, and hence
#Zq(P) , dqn21 2 (d 2 1)qn22.
THEOREM 3.4. For a given d, there exists q1 such that for all q . q1 and any
polynomial P [ P (q, d, n) having a non-linear absolutely irreducible factor,
#Zq(P) , dqn21 2 (d 2 1)qn22.
Proof. If P(X) 5 H(X)R(X), where R(X) is an absolutely irreducible
polynomial of degree d9 . 1, then
#Zq(P) # #Zq(H) 1 #Zq(R).
Hence
#Zq(P) # (d 2 1)qn21 1 A(d)qn23/2 1 B(d)qn22.
If
q . SA(d) 1 ÏA(d)2 1 4(B(d) 1 d 2 1)2 D2,
then
#Zq(P) , dqn21 2 (d 2 1)qn22.
As a consequence we obtain the numbers N2 and A2 for q large enough:
THEOREM 3.5. For a given d, there exists q1 such that for all q . q1 the
second largest number N2 of zeros for polynomial functions over Fq in n
variables and total degree at most d is
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N2 5 M2 5 dqn21 2 (d 2 1)qn22,
and those reaching this bound are the functions of Theorem 2.2. Therefore
A2 5 B2.
5. OPEN QUESTIONS
● Is it possible to suppress the hypothesis q $ q0 in Theorem 3.2 and
q $ q1 in Theorems 3.4 and 3.5?
● Compute the numbers N2, M2, A2, B2, when q 2 1 # d , m(q 2 1).
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